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Tensions in quantifying the present expansion rate of the universe, H0, from the high-redshift
observation and low-redshift observations have been growing during these past few years. This is
one of the most surprising and hardest challenges that the present day cosmology needs to face.
These experimental results are difficult to accept as they immediately challenge the standard model
of cosmology known as the Λ Cold Dark Matter (ΛCDM) model. On the other hand, once the
experimental results are accepted, we need to face the possibility that the choice of this model is
nothing but an arbitrarily chosen theoretical prior in the estimation of the cosmological parameters
of the universe (including H0). Here we show that the H0-tensions can be resolved by changing the
theoretical prior on using a new theory, dubbed VCDM. This is essentially a low-redshift resolution
of the Hubble tension.
The value of today’s rate of expansion of the universe,
H0, has been measured, as a direct measurement, from
low-redshift observations, namely, Hubble Space Tele-
scope [1] (HST), H0LiCOW [2], Megamaser Project [3]
(MCP) and Carnegie-Chicago Hubble Program (CCHP)
Collaboration [4]. Among these observations HST in
particular has achieved a remarkable precision provid-
ing H0 = 74.03± 1.42. On the other hand, on assuming
some theoretical model, H0 can also be deduced from the
measurement of temperature power spectra in the Cos-
mic Microwave Background Radiation (CMB) which is
produced at the recombination time. The recent Planck
Legacy 2018 release gives H0 = 67.04±0.5, assuming the
standard flat-ΛCDM model (non-flat versions are known
to be strongly disfavored by other data, e.g. Baryon
Acoustic Oscillations (BAO)) [5]. Hence, the tension
between this theoretical model and experimental results
adds up to more than 4σ’s [6, 7].
However, the flat-ΛCDM could be representing only a
first approximation to another, improved model of our
universe. The VCDM theory, described in the following,
was originally introduced for the purpose of seeking min-
imal theoretical deviations from the standard model of
gravity and cosmology, i.e. General Relativity (GR) and
ΛCDM, as it does not introduce any new physical degrees
of freedom, but on the other hand, one can have, as we
will show in the following, a non-trivial and interesting
phenomenology.
The VCDM theory [8], in which the cosmological con-
stant Λ in the standard ΛCDM is promoted to a function
V (φ) of a non-dynamical, auxiliary field φ without intro-
ducing extra physical degrees of freedom. This theory of
modified gravity breaks four dimensional diffeomorphism
invariance at cosmological scales but keeps the three di-
mensional spatial diffeomorphism invariance. On doing
so, the theory modifies gravity at cosmological scales
while it only possess two gravitational degrees of freedom
as in GR. In general this allows a spectrum of possibili-
ties typically much larger than the case of a scalar-tensor
theory. For the latter, the extra scalar degree of free-
dom is not only strongly bound on solar system scales
(for which one needs the scalar to be very massive or to
be shielded by some non-trivial dynamical mechanisms,
e.g. chameleon or Vainshtein), but also on cosmological
scales (for which one needs to constrain the background
dynamics as to avoid ghost and gradient instabilities).
The equations of motion for the VCDM theory on a
homogeneous and isotropic background can be written
as
V =
1
3
φ2− ρ
M2P
,
dφ
dN =
3
2
ρ+ P
M2PH
,
dρi
dN −3(ρi+Pi) = 0 ,
(1)
where N = ln(a/a0) (a being the scale factor and a0
being its present value), H = a˙/a2 is the Hubble expan-
sion rate (a dot denotes differentiation with respect to
the conformal time), ρ =
∑
i ρi and P =
∑
i Pi (the sum
is over the standard matter species). Unless ρ + P = 0,
the following equation follows from the above equations:
φ = 32V,φ − 3H. When V is a linear function of φ, as in
V = λ1φ + λ0, then the equations of motion (1) reduce
to
3H2 =
ρ
M2P
+Λ , H
dH
dN = −
ρ+ P
2M2P
,
dρi
dN −3(ρi+Pi) = 0 ,
(2)
where Λ ≡ λ0 + 3λ21/4 = const. These are nothing but
the equations of motion in the standard ΛCDM model.
Hence, the VCDM theory extends the ΛCDM model by
replacing the constant Λ with a free function V (φ). Yet,
the VCDM theory does not introduce extra degrees of
freedom in the sense that the number of independent ini-
tial conditions is the same as ΛCDM. The “V” of VCDM
therefore stands for the free function V (φ) introduced in
this theory.
In the following we want to be able to use the free
function V (φ) in order to give any wanted background
evolution for H which can be given as H = H(N ). From
the 2nd of (1), having given H as a function of N , then
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φ(N ) = φ0 +
ˆ N
N0
3
2
ρ(N ′) + P (N ′)
M2PlH(N ′)
dN ′ , (3)
where φ0 = φ(N0). Assuming that ρ+P > 0, and H > 0,
the right hand side of (3) is an increasing function of N
and thus the function φ(N ) has a unique inverse function,
N = N (φ). Obviously, N is an increasing function of φ.
By combining this with the 1st of (1), one obtains
V (φ) =
1
3
φ2 − ρ(N (φ))
M2Pl
. (4)
Therefore we have obtained a simple and powerful recon-
struction mechanism for V for a given and wanted evo-
lution of H. Once V (φ) is specified in this way, we know
how to evolve not only the homogeneous and isotropic
background but also perturbations around it.
We now introduce two choices of H(z) to address cur-
rent cosmological tensions: one in the flat-ΛCDM and
the other in the VCDM. The former is H2Λ ≡ H2Λ0[Ω˜Λ +
Ω˜m0(1 + z)
3 + Ω˜r0(1 + z)
4], where Ω˜Λ ≡ 1− Ω˜m0 − Ω˜r0,
and the latter is
H2 = H2Λ +A1H
2
0
[
1− tanh
(
z −A2
A3
)]
, (5)
with the idea that 0 < A2 < 2. In this case we
have at early times, for z  |A2|, that the system
will tend to be the standard flat-ΛCDM evolution, i.e.
H2 ≈ H2Λ. Today, i.e. for z = 0, we have H20 =
H2Λ +A1H
2
0
[
1 + tanh
(
A2
A3
)]
, which can be solved today
for A1, to give A1 =
H20−H2Λ0
H20
[
tanh
(
A2
A3
)
+1
] .
Let us further consider the following parameter redefi-
nitions Ω˜m0 = Ωm0
H20
H2
Λ0
, Ω˜r0 = Ωr0
H20
H2
Λ0
, and βH = HΛ0H0 ,
then we find
H2
H20
= Ωm0(1 + z)
3 + Ωr0(1 + z)
4 + (1− β2H)
1 + tanh
(
A2−z
A3
)
1 + tanh
(
A2
A3
) + β2H (1− Ωm0β2H − Ωr0β2H
)
. (6)
So in total we have six background parameters (three
more than ΛCDM). However, we can reduce them to five
(two more than ΛCDM) by fixing A3 as we expect to have
a large degeneracy (after assuming A2 ∼ 1). According
to Akaike Information Criterion (AIC), we can accept the
model if we can have an improvement of χ2 larger than
four in comparison with ΛCDM [9]. In fact, we will show
later on that the χ2 has improved remarkably by 20.60
with respect to ΛCDM. In particular, we will fix, later
on, A3 to the value of 10−3.
Two things need to be noticed. First, having given
the expression for H = H(z), one automatically can de-
duce all the needed background expressions. Second, the
fact we have an MMG-component does not mean we are
adding a physical dark-component degree of freedom. In
fact, for this theory, there is no additional physical de-
gree of freedom, beside the tensorial gravitational waves
and the standard ones related to the presence of matter
fields [8].
After having introduced the behavior of the VCDM
model on a FLRW background, we will test it against
several cosmological data to see how well it can ad-
dress the H0 tension. Here we use Planck Legacy 2018
data with planck_highl_TTTEEE, planck_lowl_EE, and
planck_lowl_TT [10], baryon acoustic oscillation (BAO)
from 6dF Galaxy Survey [11] and the Sloan Digital Sky
Survey [12, 13], Joint light Analysis (JLA) comprised of
740 type Ia supernovae [14], and SH0ES consisting of a
single data point [1] H0 = 74.03± 1.42.
Both the background and linear perturbation equa-
tions of motion are implemented in the Boltzmann code
CLASS [15], with covariantly corrected baryon equations
of motion [16].
For a matter action at second order up to shear for a
fluid we proceed here by first writing the Schutz-Sorkin
Lagrangian (SSL) for a single fluid [16], as follows
SSSL = −
ˆ
d4x
√−g[ρ(n, s) + Jµ (∂µ`+ θ∂µs+A1∂µB1 +A2∂µB2)] , (7)
with n =
√−JµJµgµν , and 4-velocity uα = Jα/n.
We consider several copies of the previous action each
describing a different fluid, labeled with an index I.
Then we can expand the previous SSL up to second
3order in the perturbation fields, and to this one, we
then add a correction aimed to describe an anisotropic
fluid as follows S(2)m = S
(2)
SSL + S
(2)
corr, where S(2)corr =´
dtd3xNa3
∑
I σI ΘI and ΘI stands for a linear com-
bination of perturbation fields. Since for each matter
species ρI = ρI(nI), and nI =
√−JµI JνI gµν , one can
find a relation among δρI and the other fields as δJI =
ρI
nIρI.n
δρI
ρI
−α, where δN = N(t)α, which can be used as
a field redefinition to replace δJI in terms of δρIρI . We also
define gauge invariant combinations vI = − ak2 θI + χ −
a2
N ∂t(E/a
2), α = ψ − χ˙N + N−1∂t[a2N−1∂t(E/a2)], and
ζ = −φ −H χ + a2HN ∂t(E/a2), where δγij = 2[a2ζδij +
∂i∂jE], and δuIi = ∂ivI . We find finally that
S(2)corr =
ˆ
dtd3xNa3
∑
I
σI [δρI + 3 (ρI + PI) ζ] . (8)
For vector transverse modes, we can define T iI j ≡
pI δ
i
j + pI
δik
a2 pi
I
kj , and pi
I
ij ≡ 12 (∂ipiI,Tj + ∂jpiI,Ti ). Then
we can introduce the 1+3 decompositions for the 4-
velocity of the fluid uV,IIi = δu
I
Ii, the shift Ni = aN Gi,
and the 3D metric δγij = a (∂iCj + ∂jCi). We can
also introduce the following gauge invariant variables
Vi = Gi− aN ddt
(
Ci
a
)
, and F Ii =
Ci
a − b
I
1i
~bI1·~bI1
δBI1− b
I
2i
~bI2·~bI2
δBI2 ,
where bI1ibI2i = 0 = bI1iki = bI2iki. Then, on following a
similar approach one finds the total Lagrangian density
for the vector perturbations, in VCDM, can be written
as
L = Na3δij
{∑
I
nIρI,n
F˙ Ii
N
δuIj +
1
a2
∑
I
nIρI,n
[
aδuIi Vj −
1
2
δuIi δu
I
j
]
− M
2
P
4a2
Vi(δ
lm∂l∂mVj)
− 1
2a2
∑
I
pI pi
I,T
i (δ
lm∂l∂mF
I
j )
}
, (9)
which reduces to the same result as in GR.
Finally, for the tensor modes, let us define δγij =
a2 (h+ε
+
ij + h×ε
×
ij), where ε
+,×
ij = ε
+,×
ji , δ
ijε+,×ij =
0, ε+ijε
×
mnδ
imδjn = 0, and ε+ijε
+
mnδ
imδjn = 1 =
ε×ijε
×
mnδ
imδjn. As for the energy-momentum tensor we
have instead for the perturbations δT iI j ≡ pI δ
ik
a2 pi
I,TT
kj ,
so that the total Lagrangian density in MMG becomes
L = M
2
P
8
a3
N
(h˙2+ + h˙
2
×)−
NaM2P
8
[(∂ih+)δ
ij(∂jh+) + (∂ih×)δij(∂jh×)] +
Na
2
∑
I
pI (h+pi
I
+ + h×pi
I
×) , (10)
which reduces to the same form of GR.
All the equations of motion (including the ones for the
matter fields) for the perturbations are, in form, exactly
the same as for ΛCDM (the only difference being the
explicit dependence of H on the redshift), except the
following one, which is written in terms of the Newtonian-
gauge invariant fields φ and ψ:
φ˙+ aHψ =
3 [k2 − 3a2(H˙/a)]
k2 [2k2/a2 + 9
∑
j(%j + pj)]
∑
i
(%i + pi) θi ,
(11)
which is used to find the evolution of the curvature per-
turbation φ, and where a dot represents a derivative with
respect the conformal time.
The parameter estimation is made via Markov
chain Monte Carlo (MCMC) sampling by using Monte
Python [17, 18] against the above mentioned data sets.
The analysis of the MCMC chains is performed using a
chain analyzer package, GetDist [19].
We have considered the prior for the parameters of
VCDM such that ΛCDM is well inside the region. In
particular, we give 0.6 < βH < 2.3, and −0.5 < A2 < 3,
fixing A3 = 10−3 as it has large degeneracy. Devitations
of βH from 1 imply that the cosmological data sets prefer
the VCDM model over ΛCDM.
After doing the chain analysis we found a remarkable
improvement in the fitness parameter with respect to
that of ΛCDM, ∆χ2 = 20.60. Also we found that the
value of H0 from VCDM after the parameter estima-
tion is in full agreement with the low redshift measure-
ment, H0 = 73.9+2.7−2.7. Hence, theH0 tension is unravelled
within this model.
In order to have a better picture of the χ2 for cosmo-
logical data sets, in Table I we compare effective χ2 of
4Experiments VCDM ΛCDM
Planck_highl_TTTEEE 2346.36 2351.98
Planck_lowl_EE 396.01 396.74
Planck_lowl_TT 23.00 22.39
JLA 682.00 683.07
bao_boss_dr12 3.81 3.65
bao_smallz_2014 1.48 2.41
hst 1.3× 10−3 13.03
Total 3452.67 3473.27
Table I. Comparison of effective χ2 between VCDM and
ΛCDM for individual data sets.
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Figure 1. 2-dimensional marginalised likelihoods for the
VCDM model fitting against the cosmological data sets.
each experiment between VCDM and ΛCDM.
Fig. 1 shows 2-dimensional marginalised likelihoods for
the cosmological parameters of interest in VCDM model.
The Table II gives the values of the parameters within
2σ’s.
From Table II, it is interesting to notice that the value
of βH does not reach 1 even at 2σ. It means that the
data prefer VCDM over ΛCDM. Moreover, the value of
H0 estimated is in agreement with the low redshift mea-
surement, and the tension is resolved. On top of that,
it is to be noticed that even high redshift data (Planck
Legacy 2018 data) tend to prefer the VCDM model (See
Table I).
Let us look at the evolution of the background and per-
turbation variables to see the behaviour of the minimum
of VCDM. Fig. 2 shows the behaviour of the function
V (φ) with respect to the auxiliary field φ for the bestfit
VCDM model. The behavior of H(z) in VCDM, with a
Parameters 95% limits
βH 0.919
+0.038
−0.032
A2 0.0025
+0.0054
−0.0215
102ωb 2.241
+0.026
−0.023
τreio 0.054
+0.015
−0.012
ns 0.9673
+0.0063
−0.0074
H0 73.98
+2.6
−2.8
Ωm 0.260
+0.020
−0.018
σ8 0.872
+0.027
−0.029
Table II. One-dimensional 2σ constraints for the cosmological
parameters of interest after the estimation with the cosmo-
logical data sets considered.
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Figure 2. Behavior of the function V (φ) with respect to the
auxiliary field φ in VCDM model. For high values of φ (i.e.
for high redshifts) the theory reduces to ΛCDM as V (φ) ap-
proaches a straight line.
very small transition in the low redshift region which is
visible in Fig.3, between the redshift 10−3 and 10−2. It
is clear from the choice of H(z) that this is a low-redshift
resolution for Hubble tension.
Let us now look at the behaviour of the perturbation
variables. First of all, Fig. 4 compares the CMB temper-
ature correlation given the bestfit values for both VCDM
and ΛCDM, with planck error bars. The low-redshift
10−3 10−2
z
2× 10−4
3× 10−4
H
Figure 3. Zoomed version of H vs z plot. Here we can see
the transition in the H(z) at very low redshift between 10−3
and 10−2.
5VCDM transition does not affect much the perturbation
evolution. For example, the evolution of the energy den-
sity contrast δγ of photons at low redshifts, in Fig. 5. We
can see that the transition is smooth even at the order of
O(10−5).
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Figure 4. CMB TT correlation with bestfit for VCDM and
ΛCDM including planck error bars.
Let us understand why the perturbation variables are
always finite as long as the transition of H is finite. We
have two perturbation equations of motion to be solved.
Among the two, φ˙ has to be integrated, which depend
on H˙. Consider integration of this equation between
t∗ −∆t/2 and t∗ + ∆t/2, where t∗ is the time at which
transition happens and ∆t is the time width of the tran-
sition,
∆φ =
ˆ t∗+∆t/2
t∗−∆t/2
φ˙ dt =
ˆ t∗+∆t/2
t∗−∆t/2
 A︸︷︷︸
finite
+ B︸︷︷︸
finite
H˙
 dt
= B ∆H︸ ︷︷ ︸
at t=t∗
+O(∆t). (12)
Since A and B are finite and as far as ∆H is finite, then
the perturbation φ should also be finite even in the limit
∆t → 0. Hence all the perturbation variables affected
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Figure 5. Zoomed version of δγ , in the redshift range, 10−3 <
z < 10−2 We can see the transition is smooth at the order of
10−5.
by φ should also be finite, however fast the transition is.
This means that, as far as A3 (> 0) is small enough, the
behaviour of the background and perturbation variables
is not sensitive to its actual value. This explains the ori-
gin of degeneracy along the A3 direction in the parameter
space.
In this report we showed that the notorious H0 ten-
sion can be addressed by a very minimal modification
to the standard cosmological model, dubbed VCDM. We
see that the value of H0 estimated is in agreement with
the measurements from the low redshift observations. It
is also noticed that this model fits the cosmological data
sets better than ΛCDM by improving the χ2 by 20.60.
Background and perturbation variables are stable and fi-
nite. Hence we propose the VCDM model as a possible
solution to the H0 tension. Finally we want to stress
here that violations of 4D diffeo are only present in the
gravity sector. Matter sector Lagrangians are fully co-
variant in 4D. Since gravity is modified in the IR limit,
and because of the absence of any extra gravitational
mode other than the standard gravitons, we expect that
graviton loop corrections to be negligible.
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